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Supplementary Material

Semblance and the connection to Mercer kernels
We now provide the construction of a Reproducing Kernel Hilbert Space (RKHS), ℋ , unique up to an isomorphism, such that Semblance (K) is the reproducing kernel on ℋ.
Suppose K is a kernel over X. Construct ≔ ∶ ∈ , where is the function such that ( ) = ( , ). Define the universe V of ℋ as the set of all linear combinations of elements from S. Therefore, each element of V can be written as ∑ . We define the dot product on ℋ by
for some vectors and .
Now by the reproducing property of kernels, for a function f we have
Given the Semblance kernel K which has a finite trace, we define its eigenfunction such that
And thus: 〈 ( , . ) , 〉 =
Since Semblance results in an NND Gram Matrix, according to the Mercer-Hilbert-Schmit theorems, there must exist an infinite sequence of eigenfunctions 〈 〉 =0 ∞ and eigenvalues such that 1 ≥ 2 ≥ ⋯ of K, and
Suppose associated with the Semblance kernel are set of eigenfunctions and eigenvalues , for ∈ 2 : = 〈 , 〉 2 = ∫ ( ) ( ) Subsequently, we can define the inner product as
Existence of corresponding feature space for Semblance
In addition to finding the Hilbert Space ℋ with reproducing kernel K, we can find a feature function : → ℋ such that ( ,́) = 〈 ( ), (́)〉 ℋ This property states that given a symmetric NND function K like Semblance, there exists a function such that the evaluation of the kernel at points and ́ is equivalent to taking the dot product between ( ) and (́) in some Hilbert space ℋ. Hence defines a mapping from an input space X to a feature space ℋ. In ℋ, dot products can be computed by simply computing K, enabling us to perform the kernel trick. Since K is NND, must be injective.
Using the feature space ℋ , define ( ) = ( , . ). Based on . ( ), we get: 〈 ( ), (́)〉 ℋ = 〈 ( , . ) , (́, . )〉 ℋ = ( ,́) which meets the essential properties required for Semblance to be a valid Mercer kernel. Fig. S2. We tested Semblance on an scRNA-seq dataset with 710 RHCs (19) and compared its performance against the conventionally used, Euclidean distance-based analysis. The rank-based Semblance kernel leads to a better visual separation between two distinct RHC clusters, which were harder to distinguish from each other otherwise, based on Euclidean Distance. We also evaluated how a Semblance measure where genes are weighted by the Gini coefficient (right-most panel) compares with the natural weighting of the features (middle-panel, w g =1). Both the naturally-weighted and Gini-weighted features successfully separate the second, rare RHC cluster, although the Gini-weighted Semblance tSNE produced a relatively tighter clustering of cells. Furthermore, weighing the features by the Gini-coefficient also made clear the underlying geometry in the data which points to a possible biological trajectory. The cells in the smaller, red cluster have an upregulated metabolic state which drives RHC proliferation, eventually leading to terminal/mature RHCs that likely constitute the blue cluster. Fig. S3 . kPCA using the Semblance kernel is able to efficiently reconstruct images. Demonstrated examples are from the Yale Face Database (A), and the EBImage package available in R (B-C). Panel B demonstrates an example of a microscopic image. Subpanels 1 in (B-C) show the results on the original images, whereas subpanels 2 display the results on corrupted images with added uniform noise. These photos are publicly available and are free for non-commercial use. Credits: EB Image (https://bioconductor.org/packages/3.9/bioc/html/EBImage.html), and the Yale Face Database (https://www.kaggle.com/olgabelitskaya/yale-face-database)"
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